Abstract: It is shown that power-law distributed polymers can be synthesized via nonlinear emulsion polymerization. Theoretical simulation results demonstrate that emulsion polymers formed with polymer transfer reactions during interval II approach a power-law distribution as polymerization proceeds. The exponent α of the weight fraction distribution,
Introduction
The molecular weight distributions (MWDs) of most synthetic polymers are represented by the exponential distribution or some combination of exponential distributions for which the randomness of the polymer formation process is accounted. On the other hand, it is known theoretically that the MWD right at the gel point is expected to follow the power-law distribution. Fig. 1 shows the calculated MWD right at the gel point where primary chains with the most probable distribution are crosslinked randomly, by using the theoretical equation developed earlier [1, 2] . In the figure, r represents the chain length (degree of polymerization), and the red curve shows the weight fraction distribution whose independent variable is log r. W(log r) corresponds to the MWD usually measured by gel permeation chromatography (GPC). On the other hand, the blue curve shows the log-log plot of the weight fraction distribution W(r), i.e., log W(r) vs. log r. The power-law relationship holds for the important part of high MW polymers. On the other hand, however, the power law is valid only right at the gel point, and the MWD deviates from power law both in the pre-and post-gelation period. Fig. 2 shows the double logarithmic plot of W(r) where the crosslinking density level is 10% before and after the gel point, i.e., c x x , ρ ρ = 0.9 1 and 1.1. Experimentally, it is very difficult to stop the polymerization right at the gel point and it may not be a practical method to synthesize power-law distributed polymers in this way. In addition, the exponent of W(r) ~ r -α is equal to α = 1.5 under the Flory-Stockmayer type of random crosslinking [3] , and there is no way to control α by changing the polymerization conditions. The power-law distribution prevails both in nature and human-made world, from the geometry of fractals [4] to the scale-free networks [5] . However, unlike the exponential distribution, the formation mechanism of it has not been fully rationalized yet. In 1999, Barabasi and Albert [6] proposed a simple model to generate the power-law distribution in a network structure, i.e., the number of links to a vertex follows a power-law distribution. This type of network is called the scale-free network, and this topic is receiving considerable attention these days. The theory of scale-free network could also shed new light on the structural analysis of polymeric networks, however, the present article focuses the attention to the power-law distribution of the molecular weights, not of the chain connectivity.
In this report, a simplified nonlinear emulsion polymerization model originally proposed in 1994 [7, 8] is used to investigate full MWD profiles. It will be shown that power-law distributed polymers can actually be synthesized via nonlinear emulsion polymerization. For emulsion polymerization that involves polymer transfer reactions, the exponent α is exactly equal to α = 1/P b , where P b is the probability that the chain end is connected to a backbone chain. Therefore, unlike the gelling systems, the exponent can be controlled in a straightforward manner by changing the branching probability, P b . The emulsion-polymerized polyethylenes reported in literature agree with this simple relationship. It may also be possible to estimate the polymer transfer constant from the MWD data. In addition, it will be shown that crosslinking emulsion polymerization could be used as another method to synthesize power-law polymers. Because conventional polymers basically conform to the exponential-type distribution, the development of power-law polymers may open up new hope for the development of polymer systems with novel properties and applications in the future.
Theoretical part

Simplified model for nonlinear polymerization
To simplify the discussion, emulsion polymerization is considered during interval II, where the polymer/monomer ratio is kept constant. For homopolymerization, the rate ratio between long-chain branching (R fp ) and propagation (R p ) (or between crosslinking (R x ) and propagation) is kept constant. The primary polymer chain length distribution is assumed to be most probable, which is a reasonable approximation for many emulsion polymerizations, and the number fraction distribution is represented by
The number-average chain length of a primary chain is
For the emulsion polymerization with polymer transfer reactions, the probability that the chain end is connected to a backbone chain P b , which is called the branching probability in this article, is given by
where R fp , R fm , and R fCTA represent the rates of chain transfer to polymer, to monomer and to chain transfer agent (CTA), respectively, and R t is the rate of termination.
To simplify the discussion, the cases with both τ and P b kept constant during the course of polymerization are considered. These conditions are approximately valid for many emulsion polymerization systems during interval II. Some typical cases are discussed in ref. [9] . For example, suppose the chain transfer reactions to monomer and polymer are the dominant chain stoppage mode, τ
, and C fm is the monomer transfer constant. Then, both τ and P b
are kept constant during interval II.
For the crosslinking emulsion polymerization, a constant value of
assumed. The rate ratio, ρ i , corresponds to the instantaneous crosslinking density proposed earlier [10] . Note that R x represents the total intermolecular crosslinking reaction rate between primary chains, and it does not distinguish secondary cyclization from 'true' crosslinking [8] .
The numerical calculation was conducted to determine the MWD by using the Monte Carlo (MC) simulation method developed earlier [7] [8] [9] . For the branching emulsion polymerization, the MC simulation proceeds as follows: Primary chains following the most probable distribution given by Eq. (1) are generated one by one in a polymer particle. Every time a new primary chain is generated, it is connected to a polymer molecule in the particle with probability P b (except for the first chain whose head unit is not connected to a backbone chain). The connected backbone polymer is chosen on a weight basis, because the probability is proportional to the number of units in the polymer molecule. 3
For the crosslinking polymerization, after generating a new primary chain with length r, the number of crosslink points on this new primary chain, m, is determined by generating a random number following the binomial distribution:
The connected backbone polymer is again chosen on a weight basis.
The MC simulation was conducted until the number of primary chains in a polymer particle reached a prefixed value, n. As the n-value increases, the particle grows, which shows the progress of polymerization. To determine a statistically valid MWD, a sufficient number of polymer particles to collect more than 10 5 polymer molecules was investigated. The value of τ is set to be 10 -3 , i.e., the number-average chain length of primary chains is np P = 10 3 .
Characteristics of power-law distributions
As shown in Fig. 1 , the power-law distribution holds not for all chain lengths but for a certain region. Normally, a distribution having a power-law tail is called the power-law distribution. For a finite-sized system, as in the case of polymer particles in emulsion polymerization, the power law displays a characteristic cutoff because of the intrinsic limitation of the system. In emulsion polymerization, particle size represents the finiteness of the system, and the limitation becomes larger as the polymer particle grows.
Mathematically, the power-law distribution is a stable distribution and satisfies the generalized central limit theorem [11, 12] . The power-law distribution is considered a robust distribution and is rather insensitive to small deviations from the model assumptions. This is one of the reasons why the power-law distribution prevails in nature.
When the number fraction distribution follows a power law, the weight fraction distribution also follows a power law, namely:
In this article, the exponent for the weight fraction distribution, α, is used for the investigation.
When the high MW region conforms to a power law, the cumulative distribution given by the following equation is also a power law.
For the power-law distributions, the i-th moment of N(r) is given by:
Eq. (7) shows that Q i stays finite only for α > i. For α < 2, Q 2 is infinite, and the variance of N(r) becomes infinitely large, which means that the distribution does not possess a characteristic scale. The power-law distribution is therefore called scalefree or fractal distribution. . The left panel shows the number fraction distribution, and the right shows the weight fraction distribution. The independent variable for these distributions is the logarithm of chain length, and the weight fraction distribution represented in this way corresponds to that usually obtained in GPC analysis. In the figure, the branching probability P b is changed from 0.1 to 0.9, and as P b increases, larger-sized branched polymers can be formed. The weight fraction distribution, W(log r), becomes bimodal when P b > 0.5 [13] . On the other hand, however, the higher-MW peak cannot be found in the number fraction distribution N(log r) irrespective of the magnitude P b . (To be more strictly, the second peak is observable for smaller n-values, as shown, e.g., in Fig. 4 of ref. [9] .) This is not surprising. In this reaction system, an extremely large polymer molecule can be formed in a polymer particle. The sharp high-MW peak in W(log r) actually consists of the largest polymer molecule in each polymer particle [13] . These polymer molecules are huge in size but very small in number, and the number fraction is negligibly small. The second peak at a high MW in W(log r) is impossible to find in the number fraction distribution N(log r).
Results and discussion
MWD of branched polymers
The reason for forming a second high-MW peak in W(log r) is very simple. In the present simulation, np P = 10 3
, and the number of primary chains in a particle is n = . Therefore, the total number of monomer units in polymer per particle is 10
7
. It is impossible to form a polymer molecule whose chain length is larger than 10 7 . This is why the second MW peak shows precipitous decline just before log r = 7. Polymer molecules belonging to the second peak want to grow further, but they cannot because of the limitation of particle size.
N(log r) always reaches a constant distribution profile as n increases. On the other hand, however, the second peak in W(log r) keeps on moving toward larger chain length for P b > 0.5 and W(log r) cannot reach a steady state [13] . Fig. 4 shows the double logarithmic plot of the cumulative distribution, C N (r), defined by Eq. (6), i.e., log C N (r) versus log r, for cases with P b < 0.5. For P b < 0.5, W(log r) is unimodal and can reach a steady-state distribution. In ref. [9] , N(r) was used to determine the exponent. For smaller P b 's, however, the power law holds only for the tail end of high MWs, and it was difficult to determine the exponent α precisely. As shown in Fig. 4 , the estimation of the exponent becomes easier for the present type of plot using C N (r). Note that the slope of these lines correspond to α, and the straight lines are drawn so as to have a slope 1/P b . . Double logarithmic plots for both N(r) (squares) and C N (r) (circles) are shown. As the second peak becomes larger, i.e., for cases with larger P b values, the cumulative distribution C N (r) is influenced significantly by the existence of the second-peak polymers even though their number fraction is very small. One may end up estimating smaller α values if C N (r) is used for larger P b cases. For the MWD with a large second peak, the double logarithmic plot of N(r) (squares) is preferable rather than that of C N (r), while C N (r) may be useful for unimodal distributions, such as with P b < 0.5.
In all cases, the straight lines possess a slope with α = 1/P b , and this relationship holds for all P b values from 0 to 1. The exponent can be controlled by changing the branching probability, P b . Eq. (2) shows that, e.g., P b can be made smaller by adding chain transfer agent.
In addition, the P b value could be estimated from the MWD obtained experimentally in reverse. Further, based on the estimated P b value, it may be possible to determine the polymer transfer constant C fp . The present theory leads to develop a new experimental technique to estimate C fp .
As already reported in ref. [9] , the MWD of emulsion-polymerized polyethylene [14] agrees reasonably well with the relationship α = 1/P b . Actual emulsion polymerization of ethylene would involve much more complicated reactions, which are not accounted for in the present simplified model. The good agreement might have been helped by the robustness of the power-law distribution, which is stable mathematically [11, 12] .
Consider the average MWs based on the relationship α = 1/P b . Because 0 < P b < 1, Eq. (7) guarantees that the number-average chain length n P stays finite for any value of P b . This result agrees with the analytical solution for n P as discussed in ref. [9] , and the number fraction distribution can always reach a steady state distribution.
On the other hand, Eq. (7) shows that the weight-average chain length w P goes to infinity for P b > 0.5, i.e., w P increases without limit during polymerization. This fact also agrees with the analytical solution for w P [9] . The second peak of W(log r) keeps on moving toward larger chain length as polymerization proceeds, and W(log r) cannot reach a steady state. The system looks differently depending on the order of moments one is looking at, which is an interesting characteristic of the power-law distribution.
The surprisingly simple relationship α = 1/P b holds also for the free-radical branching polymerization (in a homogeneous medium, not the emulsion system) conducted in a continuous-stirred tank reactor (CSTR) at steady state [15] . For the CSTR cases, the relationship α = 1/P b was fully supported not only by the MC simulation results but also by the moment equations. The present emulsion polymerization model is a variable-volume constant-composition system. As pointed out by Hamielec et al. [16] , at the large reaction time limit, this system is equivalent to a CSTR under steady state. If one imagines that the outflow part of a CSTR is still kept inside the particle while maintaining a constant polymer/monomer ratio, the reaction behaviour of these two types of system is equivalent.
Branched structure
It is expected that the branched structure of power-law polymers is different from that of exponential-based polymers. For example, because the large polymers belonging to the second peak in W(log r) are forced to stay in smaller size due to the limitation of particle size, the branching density ρ is expected to be larger than that of the random branch system. When primary polymer molecules following the most probable distribution are connected randomly to form T-shaped connections, one obtains a randomly branched polymer system. In this polymer system, the expected branching density ρ as well as the branching probability P b is the same for all chains. The relationship between branching density and chain length is given by the following equation [17] :
where I 1 and I 2 are the modified Bessel functions of the first kind and of the first and second order, respectively. Note that
Obviously, if the structure of each polymer molecule is investigated, there exist polymers with different branching density even when the chain length is the same. There exists a statistical variation of branching density for a given chain length, whose variance is inversely proportional to r. The value of ρ av (r) in Eq. (8) means the average branching density having chain length r. Fig. 6 shows the calculated results of ρ av (r) from Eq. (8). For given P b , the branching density increases with chain length, but it soon reaches a constant value, as reported earlier [17] . The constant branching density level increases with P b . Obviously, P b must be smaller than unity, however, ρ av (r) for P b = 1 is also shown to examine the limit state. Note that the MWD of the randomly branched polymers conforms to the power-law distribution at an extreme condition, P [9] , as in the case of hyperbranched polymers at high conversion limit ( Emulsion Polym. Fig. 7 . MC simulation results for the branching density as a function of chain length r, for the emulsion polymer system whose MWD follows a power law 8
Next, consider the present emulsion polymerization system. In this system, P b is the same for all chains, but the branching density of primary chains is different depending on their birth time. The primary chains formed earlier are expected to possess larger branching density. . For a given P b value, the branching density is larger than that of randomly branched polymers. It is interesting to note that all curves fall approximately on a single one. For smaller P b values, very large polymers could not be sampled, and the curves for small P b values end along the way before reaching a constant branching density level. The black curve shows ρ av (r) with P for a random branch system. The constant value for the emulsion system is equal to that for a randomly branched system with P . Note, however, that the exponent of randomly branched polymers, as well as of hyperbranched polymers at the highest connection limit, is equal to α = 0.5, and cannot be changed by manipulating the experimental conditions, which is quite different from the present emulsion polymerization system where α can be controlled by changing the branching probability P
Crosslinked polymers
A preliminary investigation has been performed assuming a constant instantaneous crosslinking density, ρ i . The crosslinking density of a primary chain, ρ x , is given by the sum of the instantaneous and additional crosslinking densities [10] :
When a crosslink point (tri-branch point) is formed during the growth of a primary chain, it is considered the instantaneous crosslink point. On the other hand, if a crosslink point is formed after the formation of the primary chain by consuming a functional group on it, it is considered an additional crosslink point. In the present reaction system, ρ i is the same for all primary chains, but ρ a is larger for the primary chains born earlier, because they are subjected to crosslinking reaction for a longer period of time. Therefore, the crosslinking density ρ x is larger for the primary chains formed earlier, and the crosslinked structure is expected to be highly heterogeneous.
The crosslinking density of each primary chain is different. However, because instantaneous and additional crosslink points are always formed in pairs, the total number of instantaneous crosslink points in the whole system is always equal to the total number of additional crosslink points, and therefore, the following equation holds for the present reaction system:
For a randomly crosslinked polymer system, the Flory/Stockmayer theory states that the crosslinking density right at the gel point, ρ x,c , is given by:
where wp P is the weight-average chain length of the primary chains. When the primary chain length distribution is most probable, np wp P P = 2.
It was found earlier [8, 19] . The weight fraction distribution W(log r) is bimodal, while the number fraction distribution N(log r) is unimodal. The log-log plots of N(r) and C N (r) are also shown in Fig. 8 . There exists a power-law region, as in the cases of branched polymer systems. The power-law polymers appear to be formed in emulsion crosslinking polymerization, at least, for the present reaction conditions.
The power exponent of the crosslinked emulsion polymers is now under investigation and will be reported separately. 
Conclusions
In this article, it was shown that power-law distributed polymers can be synthesized via emulsion polymerization that involves polymer transfer or crosslinking reactions. For the branched polymers formed in emulsion polymerization with polymer transfer reactions, the exponent is exactly equal to the inverse of the branching probability, α = 1/P b . This simple relationship could be used to control the MWD. The present theory shows that the polymer transfer constant C fp could be estimated on the basis of the measured MWD under well-designed experimental conditions.
For estimation of the exponent α, the cumulative distribution C N (r) might be preferable for unimodal distributions. On the other hand, however, for the cases with strongly bimodal distributions, the probability density function N(r) may be better to use.
The branched structure of power-law polymers is significantly different from randomly branched polymers. The constant branching density at large-MW limit appears to be equal to that for random branching with P . 1 b → A preliminary investigation showed that power-law polymers could also be synthesized via crosslinking emulsion polymerization. The exponent α of this type of reaction system in relation to the reaction conditions is now under investigation.
Because conventional polymers usually follow exponential distributions, the investigation of the power-law polymers may lead to develop polymer systems with new qualities. In addition, theoretical investigations on the formation mechanism of the power-law distribution could answer the big question why the power-law distribution prevails so much in nature.
